Abstract. Let A be a connected finite dimensional k-algebra, and let M be a nonzero decomposable A-module such that the one-point extension A[M ] is quasitilted. We show here that every nonzero indecomposable direct summand of M is directing and A is a tilted algebra.
Quasitilted algebras were introduced in [8] as a natural generalization of tilted algebras. Let k be an algebraically closed field, and let H be a hereditary abelian k-category. Then a finite dimensional k-algebra A is called a quasitilted algebra if A = End H T for a tilting object T ∈ H. In case H = mod H for H a hereditary algebra, then A is a tilted algebra. Equivalently, A is quasitilted if and only if gldim.A ≤ 2 and for every indecomposable A-module X, either the projective dimension pd A X ≤ 1 or the injective dimension id A X ≤ 1; see [8] .
Much work has been done recently on quasitilted algebras. Relevant to our considerations will be the papers [3, 5, 7, 8, 11, 13] . The problem of studying conditions for a one-point extension A[M ] to be quasitilted was already posed in [8] . In this work we consider the case in which the module M above decomposes. To state our main result we need to recall that an indecomposable A-module X is said to be directing if there is no path of nonzero, nonisomorphism maps X = X 0 → X 1 → X 2 → · · · → X s = X between indecomposable modules.
Theorem. Let A be a connected finite dimensional k-algebra, and let M be a nonzero decomposable A-module such that the one-point extension A[M ] is quasitilted. Then every nonzero indecomposable direct summand of M is directing. Moreover, A is a tilted algebra.
One of the main features used in the proof of this theorem is the remark that for an algebra B = A[M ] with M a nonzero decomposable module, the first Hochschild cohomology H 1 (B) does not vanish. In particular, there are finite Galois coverings B → B defined by the action of a finite abelian group G, such thatB is given as a multiple one-point extension of an algebra of the form A × A × · · · × A. Moreover, if the order of G is a unit in k, then B is quasitilted if and only ifB is; see [8, 12, 14] . Applications of this technique yield information on the possible modules M for which the extension A[M ] is quasitilted.
We briefly summarize the contents of the paper. In section 1 we recall some basic facts on quasitilted algebras and prove some useful lemmas. In section 2 we consider Galois coverings of algebras A[M ] with M a decomposable A-module. Section 3 is devoted to the proof of the main Theorem.
In a forthcoming publication [4] we shall consider the problem of characterizing the pairs (A, M ) of quasitilted algebras A and decomposable A-modules M such that A[M ] is quasitilted. This work was completed during exchange visits in México-São Paulo. The authors wish to thank their institutions, FAPESP in Brazil and CONACyT in México, for support.
1. Some generalities on quasitilted algebras 1.1. Along this work, k will denote an algebraically closed field. By an algebra we mean an associative finite dimensional k-algebra. Unless otherwise stated, we shall assume that an algebra is basic (that is, A/radA is a sum of copies of k) and connected (that is, A is not of the form A 1 × A 2 for two algebras A 1 and A 2 ). For a given algebra A, denote by modA the category of finitely generated left A-modules, by Γ A the Auslander-Reiten quiver of A, and by τ A the Auslander-Reiten translate DTr. We refer the reader to [1] for unexplained notions in representation theory of Artin algebras. In [8] the full subcategories L A , and let R A of modA were introduced as follows. The category L A is formed by those indecomposable modules X such that every predecessor Y of X has pd A Y ≤ 1. Dually, R A is formed by those X such that every successor Y has id A Y ≤ 1. For later reference, we recall the following result proven in [5] .
Theorem ([5] ). Let A be a quasitilted algebra, and let Γ be a component of Γ A with infinitely many τ A -orbits or containing an oriented cycle. Proof. (b) Assume X ∈ R A . By (a), it is enough to show that there is a path of nonzero maps from X to τY . By hypothesis, there is a nonsectional path of nonzero maps of the form 1.4. In the introduction, we recalled the notion of indecomposable directing modules. We now recall the definition of an arbitrary directing module. It is not difficult to see that both definitions coincide for indecomposable modules (see [6] ). We say that a module X ∈ modA is directing if there are no paths of nonzero maps between indecomposable modules as follows:
where X and X are indecomposable direct summands of X.
Lemma. Let A be a quasitilted algebra, and let X be a nondirecting module in add(L A ∩R A ). Then there exists an indecomposable module Z such that Hom
Proof. Since X is nondirecting, and using (1.3.b) we infer that there exist indecomposable direct summands X and X of X and an indecomposable module Z such that Hom A (X , Z) = 0 = Hom A (Z, τ A X ). Since pd A X ≤ 1, we get that Ext [1] ). 1.5. We recall that for an A-module M , the one-point extension algebra A[M ] is by definition the finite dimensional k-algebra
with the usual matrix operations. The category of A[M ]-modules is equivalent to the category of triples (k t , X, f), where X ∈ modA and f : M ⊗ k t → X is a morphism of A-modules; see [15] .
A Recall that a projective module is called hereditary if each of its submodules is projective. Let P be a hereditary projective module. Clearly, any predecessor of P is also projective, and so P is directing. 
nonsimple quasitilted algebra B is always of the form A[M ] for a quasitilted algebra A and an
A-module M ∈ add L A [8, III.2.3,2.4]. For a B-module Y = (k t , X, f)
Proposition. Let A be an algebra, and let
Since M 1 is not hereditary projective, then M 1 has a nonprojective submodule K and consider the short exact sequence 0 
satisfies pd B W = 2 and hence W / ∈ L B . Moreover, there is a chain of nonzero maps
in modB, where π : ∈ R B , which is a contradiction.
Lemma. If
B = A[M 1 ⊕ M 2 ]
is a quasitilted algebra, then either
Proof. Suppose there exist nonzero morphisms α :
By definition, there are paths of nonzero maps between indecomposable modules
Observe that there is a path of nonzero maps in modB
with pd B (0, V m , 0) = 2, and therefore Z ∈ L B . Moreover, there is a path of nonzero maps between indecomposable B-modules
, and δ i = 0 otherwise. Therefore Z ∈ R B because id B (k δn , U n , (γ n · · · γ 1 α, 0)) = 2, a contradiction to the fact that B is a quasitilted algebra.
1.8. The following result from [13] will be essential in our considerations. [8] . Then H is a hereditary category with a tilting object. Moreover, a directing indecomposable module X ∈ L A ∩ R A ⊂ modA remains directing as an object in H. A recent result in [7] implies that H is derived equivalent to modH for H a hereditary algebra. It follows easily that A is a hereditary algebra.
Theorem ([13]). Let A be a quasitilted algebra accepting an indecomposable directing module lying in L
1.9. We are ready to show part of the result stated in the introduction.
Theorem. Let A be an algebra, and let M be a nonzero decomposable A-module such that A[M ] is a quasitilted algebra. Then
M i be a decomposition into indecomposable modules. Since 2. Galois coverings of one-point extension algebras 2.1. Let A be an algebra and M 1 , M 2 ∈ modA. Let n ∈ N and consider the cyclic group Z/(n). In the algebra A (n) = A × A × · · · × A (n copies of A) consider the modules
and
CallB n the iterated one-point extension
To fix ideas we explicitly writeB 2 :
which accepts the action of Z/(2) in a natural way.
We refer the reader to [2, 12, 14] for the general theory of Galois coverings of algebras and categories.
Lemma. There is a Galois covering map π
defined by the action of Z /(n) as a group of automorphisms ofB n .
Proof. We do not write explicitly the (rather obvious) definition of π n and the automorphisms ofB n which yield a group G = {g 0 = 1, g 1 , . . . , g n−1 } isomorphic to Z/(n) with the property that π n g i = π n , for 0
the decomposition into indecomposable A-modules, and let
be the indecomposable projective Bmodule which is not an A-module. Correspondingly, we get indecomposable projective
The modules P ji and Q i yield a complete set of representatives of the isoclasses of indecomposable projectiveB nmodules. Observe that G may be defined in such a way that
which shows that π n :B n → B is a covering in the sense of [2] .
Let
,B n and G = Z/(n) be as in (2.1). We shall consider the skew group algebraB n [G] whose elements are of the form g∈G b g g with multiplication induced by (bg)(b h) = bg(b )gh; see [14] .
Proposition. Assume that the order n of G is a unit in k. ThenB n [G] is Morita equivalent to B. Moreover,B n is quasitilted (respectively tilted) if and only if B is.
Proof. In [12, 14] it is shown that the character group X(G) ∼ = G acts on B and
. Then [14] shows thatB n [G] is Morita equivalent to B. The last statement is shown in [8, III (1.6)] and [14] .
is a quasitilted algebra. Then the algebra
Proof. The algebra B is a convex subcategory of the algebras C n such thatB n = C n [Z 1 ⊕ Z 2 ], where Z 1 ⊕ Z 2 is the corresponding decomposition of radQ 1 defined as in (2.1), where n ≥ 2. Choosing n adequately, the proposition above implies that B n is quasitilted and (1.9) implies that C n is tilted. Therefore B is tilted.
3. Proof of the theorem 3.1. We start with some simple remarks concerning the structure of the module category of tilted algebras.
Lemma. Let A be a tilted algebra with connecting component C which is neither preprojective nor preinjective. Then L
Proof. If C is a regular component, then [8, II (3.1) ] implies that L A ∩R A is formed by the modules in C. So, suppose C is not regular.
Claim. If C contains an injective module, then any X ∈ L A has successors in C.
Observe that, in this case, C contains modules of projective dimension 2. Now, if X is an indecomposable module not in C but such that Hom A (C, X) = 0, then using the lifting property of the almost split maps, we infer that X is a successor of a module of projective dimension 2, and so X / ∈ L A . Hence, if X ∈ L A , then Hom A (C, X) = 0 and X is a predecessor of a module in C. This proves the claim. Dually, if C contains a projective, then any X ∈ R A has predecessors in C. Consequently, if C contains both projective and injective modules, we infer that L A ∩ R A ⊂ C. Suppose now that C contains injective modules but not projectives. Observe that A is a nonconcealed tilted algebra from a hereditary algebra of wild type. Hence, there exists an indecomposable projective module P not lying in a preprojective component of Γ A . Let Y ∈ L A \ C. Using [10, (3. 2)] and the fact that A is connected, we infer that τ − A Y is a predecessor of P and so Y / ∈ R A . This proves the lemma.
Lemma. Let A be a tilted algebra, and let M 1 be a nondirecting indecomposable module.
(
then the connecting component C of Γ A is not preprojective and any indecomposable projective in L
Proof. (a) Since M 1 / ∈ R A , there exists an indecomposable projective module P which is a successor of M 1 . Since M 1 is not directing, P does not belong to a preprojective component in Γ A . In particular, C is not preprojective. Now let P be an indecomposable projective in L A ∩ R A . By [5, (6.5 )], we have that P ∈ C as required.
(b) This follows from (3.1). 
Proposition. Let
is tilted. Consider the indecomposable projective B -module P with radP = (M 1 , 0) ⊕ (0, M 2 ) and indecomposable direct summands X 1 = (M 1 , 0) and Y = (0, Y ). The module X 1 is not directing in modA (2) and Y belongs to a directing component C of Γ A (2) On the other hand, the summand X 1 of radP is not directing in modB . The description of the components of Γ B for B a tilted algebra (as given for example in [9] ) provides the desired contradiction.
3.4. We shall now prove our main result. 
Theorem. Let

